Convolutional neural networks
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Many slides from Rob Fergus, Andrej Karpathy



Outline

« Basic convolutional layer
« Backward pass
* Max pooling layer



Let’s design a neural network for images

« This kind of design is known as
multi-layer perceptron (MLP)

image Fully connected
layer



Let’s design a neural network for images

X hidden layer 1 hidden layer 2 hidden layer 3
input layer

output layer

« This kind of design is known as
multi-layer perceptron (MLP)

T « What is wrong with this?

Recall: MLP as
bank of whole-
Image templates

image Fully connected
layer




Convolutional architecture

« Let’s limit the receptive fields of
units, tile them over the input image,
and share their weights

Image



Convolutional architecture

« Let’s limit the receptive fields of
units, tile them over the input image,
— and share their weights

Image



Convolutional architecture

feature map

/

learned
weights « Let’s limit the receptive fields of
i\\\ units, tile them over the input image,
q e A and share their weights
~— L

- « This is equivalent to sliding the
learned filter over the image,
computing dot products at every
location

Image



Convolution example

Input

X15 X16
X25 X26
X35 X36
X41 X42 X43 X44 X45 X46
X51 X52 X53 X54 X55 X56

Adapted from D. Fouhey and J. Johnson

Filter

Output


https://web.eecs.umich.edu/~justincj/slides/eecs442/WI2021/442_WI2021_filtering.pdf

Convolution example

Input Filter Output

X41 X42 X43 X44 X45 X46
X51 X52 X53 X54 X55 X56

Yi1 = X171 Wq11 T X2 Wiy + X3 Wiz + ... 1+ X33 W3

Adapted from D. Fouhey and J. Johnson



https://web.eecs.umich.edu/~justincj/slides/eecs442/WI2021/442_WI2021_filtering.pdf

Convolution example

Input Filter

X42 X43 X44

Output

Y12

Xs51 Xs52

Xs53

Xs54

X25 X26 Y11
X35 X3¢ Xk —

X45 X46

X55 X56

Y12

Adapted from D. Fouhey and J. Johnson

X12* W11 T X3 Wiy T X140 Wizt o+ X34 ° W3g


https://web.eecs.umich.edu/~justincj/slides/eecs442/WI2021/442_WI2021_filtering.pdf

Convolution example

Input Filter Output

Y11 Y12 Y13

X41 X42 X43 Xag X45 Xag
Xs51 Xs52 Xs53 Xs54 Xs5 Xs56

Vi3 = X13* W11 T X4 Wiy + X15° Wiz + ... 1+ X35 W33

Adapted from D. Fouhey and J. Johnson



https://web.eecs.umich.edu/~justincj/slides/eecs442/WI2021/442_WI2021_filtering.pdf

Convolution example

Input

Adapted from D. Fouhey and J. Johnson

X14* W11 + Xg5* Wyp + X1 - Wiz T+ ...

X11 X12 X13

X21 X22 X23

X31 X32 X33

X41 X42 X43

X51 X52 X53 X54 X55 X56
YVia =

Filter

Output

Y11

Y12

Y13

Y14

T X34 * W33



https://web.eecs.umich.edu/~justincj/slides/eecs442/WI2021/442_WI2021_filtering.pdf

Convolution example

Input

X15 X16
X25 X26
X35 X36
X45 X46
X55 X56

Y21

Adapted from D. Fouhey and J. Johnson

Xp1*Wip T Xgp  Wip + Xp3° Wizt ... + Xy3° Wig

Filter

Output

Y11

Y12

Y13

Y14

Y21



https://web.eecs.umich.edu/~justincj/slides/eecs442/WI2021/442_WI2021_filtering.pdf

Convolution example

Input

Yoz = Xpp*Wip T X3 Wip + Xpp* Wizt o 1+ Xy * Wig

Adapted from D. Fouhey and J. Johnson

Filter

Output

Y11

Y12

Y13

Y14

Y21

Y22



https://web.eecs.umich.edu/~justincj/slides/eecs442/WI2021/442_WI2021_filtering.pdf

Convolution example

Input

Y23 = X3 Wqip T Xgq* Wip + Xp5° Wiz + .. 1 Xy5* Wig

Adapted from D. Fouhey and J. Johnson

Filter

Output

Y11

Y12

Y13

Y14

Y21

Y22

Y23



https://web.eecs.umich.edu/~justincj/slides/eecs442/WI2021/442_WI2021_filtering.pdf

Convolution example

Input

X11 X12 X13 X14 X15 X16
X21 X22 X23 X24 X25 X26
X31 X32 X33 X34 X35 X36
X41 X42 X43 X44 X45 X46
X51 X52 X53 X54 X55 X56

Adapted from D. Fouhey and J. Johnson

Filter

Output

Y11 Y12 Y13 Y14
Y21 Y22 Y23 Y24
Y31 V32 Y33 V34



https://web.eecs.umich.edu/~justincj/slides/eecs442/WI2021/442_WI2021_filtering.pdf

Convolutional architecture

feature map

/

Output feature map resolution
learned depends on padding and stride
weights

\(f A—F
\\
I 1 I I Output

Input

iImage No padding, stride 1

Animation source



https://github.com/vdumoulin/conv_arithmetic

Convolutional architecture

feature map

/

Output feature map resolution
learned depends on padding and stride
weights -

¢ A—F£
\\\
I 1 I I Output
Input

Image With padding, stride 1

Animation source



https://github.com/vdumoulin/conv_arithmetic

Convolutional architecture

feature map

/

Output feature map resolution
learned depends on padding and stride
weights -

¢ A—F£
\\\
I 1 I I Output
Input
Image v

With padding, stride 2



Convolutional architecture

feature map

/

Output feature map resolution
learned depends on padding and stride
weights _ _ .

AT Z With pgddlng, s!oatlal
q T resolution remains the
=== T same if stride of 1 is used,

is reduced by factor of 1/S
if stride of S is used

Image



Convolutional architecture

feature map

/

learned
weights
\\\\
N \\\
\> o

Image



Convolutional architecture

another feature map

/ « ISl I 5 I I I R

another “\‘!!‘_‘i M\ /=i"
set of Q \ ﬂ :] — ‘

Iea_rned ==
weights i
\\\ /

Image

7RSS

Learned weights can be thought of
as local templates



Convolution and traditional feature extraction

bank of K filters K feature maps

HIIIIII- l =
llllll - ._;:;-:_ |

feature map



Elementwise nonlinearity

K filters

K feature maps

iImage

convolutional layer

Almost always directly
followed by a RelLU:

max (0, x)

Some alternatives to RelLU:

Leaky RelLU )
max (0.1, x)

ELU

T x>0
ae®—1) =<0

Source: Stanford 231n



http://cs231n.stanford.edu/slides/2018/cs231n_2018_lecture06.pdf

Three-dimensional convolutions

« What if the input to a convolutional layer is a stack of K
feature maps?

K feature maps One output feature map
\\
FxFxK| | | J 477

filter ]




Three-dimensional convolutions

« What if the input to a convolutional layer is a stack of K
feature maps?

K feature maps L output feature maps
\\\\\
FXFxK e
filter —

L filters




Convolutional layer example

Input Volume (+pad 1) (7x7x3) Filter W0 (3x3x3) Filter W1 (3x3x3)
X[:,:,0] wO[:,:,0] wl[:,:,0]
-1 1 0

1 1 -1

Bias bl (1x1x1)
bl[:,:,0]
0

Stride = 2

2
2
0
0

Animation: http://cs231n.qgithub.io/convolutional-networks/#conv



http://cs231n.github.io/convolutional-networks/

Convolutional layer example

Input Volume (+pad 1) (7x7x3) Filter W0 (3x3x3) Filter W1 (3x3x3) Output Volume (3x3x2)
X[:,:,0] wO[:,:,0] wl[:,:,0] o[:,:,0]
-1 1 0 2|-1 4
1 1 -1 4 1 1
0 -1 -1 -3 3 1
wl[:,:,1] o[:,:,1]
1 1 -1 2 6 6
19 RIS 6 2 8
0 -1 1 6 10 -2
wl[:,:,2]
1 1 1
1 0 1
1 1 1

Bias bl (1x1x1)
bl[:,:,0]
0

0 00
L2 0 .
——- Stride = 2
0O 1 1 2 1 0 O
0O 1 0 2 1 0 0
0O 2 0 0 2 2 0
000000 O Animation: http://cs231n.github.io/convolutional-networks/#conv



http://cs231n.github.io/convolutional-networks/

Convolutional layer. Computational cost

K input feature maps L output feature maps
FxFxK D
filter
L filters

« Assuming the input feature maps have spatial resolution HxW, how
many operations are needed to compute the output feature volume?
e F?KLHW



More generally: Groupwise convolutions

G input feature groups G output feature groups

« Split up the K feature maps into G groups, perform convolutions within each
group separately, concatenate the results



Convolutional layer: Details

« Efficient implementation: reshape all image neighborhoods
into columns (im2col operation), do matrix-vector
multiplication

« Backward pass: special case of linear layer, operations also
turn out to be convolutions
« Downstream gradient (of error w.r.t. input) is a transposed

convolution, or convolution of output with filter flipped both
horizontally and vertically



Outline

« Basic convolutional layer
« Backward pass



Convolutional layer: Backward pass

« Let’'s take a 1D example with a filter of width 3:

Filter: w w w

Input: oo xl_l xl xl+1

Output:  --- z71 @ Aak

7L = pwixt~1 + wixt + wixttl



Review: Backward pass

Parameter update:
de Ode 0z
w ow 9z 0w

Upstream
\ gradient:
de

0z

Local gradient

Local gradient

P

X Downstream gradient:

% — 6_66_2 ——— Forward pass
0x 0z 0x «— Backward pass



Convolutional layer: Backward pass

i1 @ Si+1

zZb=wlixtT 4 wixl +w

3xl+1

Backward pass (w.r.t. x)

. de dJdedz
Vector-matrix form: —
dx 0z0dx
1XN 1XN NxXN
de de de
Output: -+ == = 573
R 0x dxt 0x
de de de
Input:




Convolutional layer: Backward pass

Backward pass (w.r.t. x)

de dOdedz
Vector-matrix form: —
dx 0z0dx
1XN 1XN NxXN
PVLont SR AP & 5 S Output: ... a.e a.e
. axl—l axl+1
- - de  Oe de
i @Zl Input: 3,1 3,0 ggitd

7L = pwixt~1 + wixt + wixttl



Convolutional layer: Backward pass

i1 @ Si+1

zZb=wlix1 4 wix! + wix

i+1

Backward pass (w.r.t. x)

de 3 EN de 0z’
Oxt  Luj—10z) dx!
de 0z 1 Qe 9z N de 0z'*1

= 9201 axi T 9ziaxi T 9741 gyl

de de
Output: ... — —
R 0x 0x

de de de

Input:



Convolutional layer: Backward pass

i1 @ Si+1

zZb=wlix1 4 wix! + wix

i+1

Backward pass (w.r.t. x)

de 3 EN de 0z’
Oxt  Luj—10z) dx!

_ Oe azi—1+ae Ozi_l_ de 0z'*t1
0zt=1 oxt  0zlodxt  0Jz'*t1 Oxt
2 de Zae ) de
B A P P
de de
Output: ... : :
w 1
de de de
Input:




Convolutional layer: Backward pass

Backward pass (w.r.t. x)

This is called a transposed convolution

de , Oe , de , Oe
R P R PR P

zt71 @ AR Input:

7L = pwixt~1 + wixt + wixttl



Backward pass

zZb=wlixtT 4 wixl +w

3xl+1

Backward pass (w.r.t. w)

de B de 0z
ow 0z ow
Output de de de
s owl ow? oJw3
de de de
Input:




Backward pass

Backward pass (w.r.t. w)

de de 0z B de . .
owl Zu;oziowl iﬁx
Output de  de  Jde
s | owl ow? ow3
xi—l Xt xi+1 xi—l xt xi+1
de de de
Input:

7zt = wixt1 4 wixt 4+ wixttl



Backward pass

Backward pass (w.r.t. w)

de <O Oe 0z' O Oe
ow?2  Lu;0ztow? iﬁx
Output de  de  Jde
o owl ow? oJws
xi—l xi xi+1 xi—l xt xi+1
de de de
Input:

7L = pwixt~1 + wixt + wixttl



Backward pass

z8=wlix 1+ wixt + wix

i+1

Backward pass (w.r.t. w)

de de 0z' de P11
— = — = — X
w3 i 0z dw3 ;0z¢
de de de
Output:
s dwl Jdw?2 Jdw?3
xi—l xi xi+1
de de de
Input:



Outline

« Basic convolutional layer
 Backward pass
* Max pooling layer



Max pooling layer

Feature map

] max

\ value

F X F pooling
window, stride S
Usually: F=2o0r3,5 =2




Max pooling: Example

Single channel

Max pooling with 2x2
kernel size and stride 2

11112 4
5| 6| 7|38
31210
112 |3 4

Source: J. Johnson


https://web.eecs.umich.edu/~justincj/slides/eecs498/WI2022/598_WI2022_lecture07.pdf

Max pooling: Example

Single channel

11112 | 4

Max pooling with 2x2
516 |7 | 8 kernel size and stride 2
312110
112 3| 4

Source: J. Johnson


https://web.eecs.umich.edu/~justincj/slides/eecs498/WI2022/598_WI2022_lecture07.pdf

Max pooling: Example

Single channel

Max pooling with 2x2
kernel size and stride 2

11112 |4
5| 6| 7|38
31210
112 |3 | 4

Source: J. Johnson


https://web.eecs.umich.edu/~justincj/slides/eecs498/WI2022/598_WI2022_lecture07.pdf

Max pooling layer

K feature maps,

K feature maps resolution 1/S
_:\\\\ vrgﬁJXe
F X F pooling Backward pass: upstream
window, stride S gradient is passed back only to

Usually: F=2o0r3,5 =2 the unit with max value



Simplified CNN pipeline

Convolution

Pooling Convolution Pooling Fully Fully Output Predictions
Connected Connected

-

W

dog (0.01)
cat (0.04)
boat (0.94)
bird (0.02)

-

Softmax layer:



Receptive field

The receptive field of a unit is

the
ma
to t
(eit
In t

region of the input feature
p whose values contribute
ne response of that unit
ner in the previous layer or
ne initial image)

3x3 convolutions, stride 1

Input

Output

y
~~--..-
—E
-
—!——

Receptive field size: 3



Receptive field

3x3 convolutions, stride 1

Input Output

it ey :D

Receptive field size: 5



Receptive field

3x3 convolutions, stride 1

Output

10

Receptive field size: 7

Each successive convolution adds F - 1 to the receptive field size
With L layers the receptive field sizeis 1 + L * (F- 1)



Receptive field

3x3 convolutions, stride 2

Input Output

y
~~--..-
—E
-
—!——

Receptive field size: 3




Receptive field

3x3 convolutions, stride 2

Input Output




Receptive field

3x3 convolutions, stride 2

Input Output

Receptive field size: 7



Receptive Field

Deep Nets with striding have large receptive fields

Source: https://distill. pub/2019/computing-receptive-fields/

Convolution

Kernel Size (kq): 3 aanm=—@)
Padding (p, q;): 2 ——
Stride (s4): 2 —

RelLU
Kernel Size (kp): 1
Padding (p,, 05): 0

Stride (s5): 1

Convolution
Kernel Size (k3): 3 e
Padding (p3, a3): 0 .

Stride (s5): 2 ——(

Max Pooling
Kernel Size (k,): 3 S——()
Padding (pg4, d4): 0 .

Stride (s,): 2 ———


https://distill.pub/2019/computing-receptive-fields/

