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Overview

« Computation graphs

* Using the chain rule

« (General backpropagation algorithm

 Toy examples of backward pass

« Matrix-vector calculations: RelLU, linear layer



Recall: Multi-layer neural networks

* The function computed by the network is a composition of the
functions computed by individual layers (e.g., linear layers

and nonlinearities):

* More precisely:

hidden
representation

h ha
X

input first layer second layer
transformation transformation

hy

output layer output



Training a multi-layer network

hidden output
representation

h h,  hg-1 hg
X e

input first layer second layer output layer loss function error
transformation transformation

 Whatis the SGD update for the parameters w,, of the kth layer?

« To train the network, we need to find the gradient of the error

w.r.t. the parameters of each layer, ;Te
k



Computation graph




The chain rule

dx dydx

In calculus, the chain rule is a formula that expresses the derivative of the composition of two differentiable
functions f'and g in terms of the derivatives of fand g. More precisely, if h = f o g is the function such that
h(z) = f(g(z)) for every x, then the chain rule is, in Lagrange's notation,

W (z) = f'(9(z))g ().
or, equivalently,

W =(fog)=(fog-g.
The chain rule may also be expressed in Leibniz's notation. If a variable z depends on the variable y, which

itself depends on the variable x (that is, y and z are dependent variables), then z depends on x as well, via
the intermediate variable y. In this case, the chain rule is expressed as

dz dz dy
de dy dx

https://en.wikipedia.org/wiki/Chain rule



https://en.wikipedia.org/wiki/Chain_rule

Applying the chain rule

oh,

5W1

hy
Let's start with k = 1 x @ ) @ e

€ = l(fl(X, Wl);y)

oh,

Example: e = (y — w{ x)? .
1 —
hy = f10o,wy) = wix aawl -
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e=1(hy,y) =@ —hy) on,

de

dw,



Applying the chain rule

hq l h;
=2t D Catham D10 )

€ = l(fZ (fl (X, Wl)! WZ))

Example: e = —log (a(wlTx)) (assume y = 1)

hy = f1(c,wy) = W1Tx

h, = f,(hy) = o(hy)
e = l(hy, 1) = —log(hy)



Applying the chain rule

W1 a hl WZ

! aW]_ l
h1 hZ
de de

oh, Ohy  dh,

€ = l(fZ(fl(x' Wl)JWZ)) \ ohy

Example: e = —log (a(wlTx)) (assume y = 1)

oh,
hi = fi(c,wy) = wix o, owy
h, = f,(hy) = a(hy) oh, .
e = l(hy,1) = —log(hy) ohy

de de ahz ahl .
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Chain rule: General case

de (wy) 0Ohy Wk
aWk \4 aWk l
hy_1 hy hyg-1 hg
_ fie(hg—1, W) e
de de o de
oh,  Ohg_ K dhg
k K-1 ah[{_l K

de 0hk
aWk B awk
Upstream gradient Local
de gradient

Ohp



Backpropagation summary

Parameter update:

de  de dhy
Wi dwy Ohy 0wy Upstream
\ gradient:
X Local gradient dhy
aWk f <
> hk
dhy, K

Local gradient
o=

Ry -1 /

Downstream gradient:
de de Ohy

— —— Forward pass
Ohj_4 Ohj Ohj_4 <« Backward pass




What about more general computation graphs?

ResNet ResNeXt
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b 4 = v v
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256-d out

256-d out

Figure source



https://towardsdatascience.com/an-overview-of-resnet-and-its-variants-5281e2f56035

What about more general computation graphs®?

Parameter update:

Upstream
de  de Ohy gradient:
ahk aWk de
\ c?hkl/ R 1
dhy

— Local gradient

dwy,
fr

Local gradient

+ Gradients add

at branches
dhy

hy_1

_—

h,_7 Downstream gradient: Ohy
de de OJhy

Ohg—_q  Ohg Ohp_q




Overview

« Computation graphs

* Using the chain rule

* (General backprop algorithm
 Toy examples of backward pass



A detailed example

1

F W) = e - wOx® + wOx® 1 w®)]

w0 2.00

©
©

Source: Stanford 231n



http://cs231n.stanford.edu/slides/2018/cs231n_2018_lecture04.pdf

A detailed example

1

F W) = e - wOx® + wOx® 1 w®)]

w0 2.00

037 /,\ 137 /7,0 073
D /\u
Local Upstream
gradient ™ gradient
(1/x) = —1/x2
- 1 0.53
—_— k = —U.
1.372

Source: Stanford 231n



http://cs231n.stanford.edu/slides/2018/cs231n_2018_lecture04.pdf

A detailed example

1

F W) = e - wOx® + wOx® 1 w®)]

w0 2.00

Local Upstream
gradient ™ gradient

Source: Stanford 231n



http://cs231n.stanford.edu/slides/2018/cs231n_2018_lecture04.pdf

A detailed example

1

F W) = e - wOx® + wOx® 1 w®)]

w0 2.00

Local Upstream
gradient ™ gradient

exp(—1) * (=0.53) = —0.20

Source: Stanford 231n
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A detailed example

1
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A detailed example

1

F W) = e - wOx® + wOx® 1 w®)]

w0 2.00

[ ] Local * Upstream

gradient ™ gradient

Source: Stanford 231n



http://cs231n.stanford.edu/slides/2018/cs231n_2018_lecture04.pdf

A detailed example

w0

2.00

0.20

fl,w) =

Local
gradient

Upstream
gradient

1

1+ exp[—(w©@x©) 4+ wDx@) 4 yw(2)]

Source: Stanford 231n
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A detailed example

1

F W) = e - wOx® + wOx® 1 w®)]

w0 2.00

0.20

Source: Stanford 231n



http://cs231n.stanford.edu/slides/2018/cs231n_2018_lecture04.pdf

A detailed example

1

F W) = e - wOx® + wOx® 1 w®)]

w0 2.00

Source: Stanford 231n



http://cs231n.stanford.edu/slides/2018/cs231n_2018_lecture04.pdf

A detailed example

1

fl,w) =

1+ exp[—(w©@x©) 4+ wDx@) 4 yw(2)]

Source: Stanford 231n
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A detailed example

1

F W) = e - wOx® + wOx® 1 w®)]

w0 2.00

Can simplify computation graph

100 | /A ), -1.00 exp 0.37 /H\ 1.37 @ 0.73
0.20 -0.20 053 \__/ -053 \_ | 100

0.20

Sigmoid gate o(x)

o' (x) = a(x)(l — a(x))
o(1)(1—-0(1)) =0.73 % (1 —0.73) = 0.20

Source: Stanford 231n
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Another example

x 3.00

Source: Stanford 231n
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Another example

x 3.00

Add gate: “gradient distributor”

Source: Stanford 231n



http://cs231n.stanford.edu/slides/2018/cs231n_2018_lecture04.pdf

Another example

x 3.00

Add gate: “gradient distributor”
Multiply gate: “gradient switcher”

Source: Stanford 231n
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Another example

x 3.00

0.00

Add gate: “gradient distributor”
Multiply gate: “gradient switcher”
Max gate: “gradient router”

Source: Stanford 231n



http://cs231n.stanford.edu/slides/2018/cs231n_2018_lecture04.pdf

Overview: Backpropagation

Computation graphs

Using the chain rule

General backprop algorithm

Toy examples of backward pass
Matrix-vector calculations: RelLU, linear layer



Backpropagation summary

Parameter update:

de  de dhy
Wi dwy Ohy 0wy Upstream
\ gradient:
X Local gradient dhy
aWk f <
> hk
dhy, K

Local gradient
o=

Ry -1 /

Downstream gradient:
de de Ohy

— —— Forward pass
Ohj_4 Ohj Ohj_4 <« Backward pass




Dealing with vectors

Jacobian: row indices

1 1
0z 0z )\ correspond to outputs,
0z dx) 7 g M) column indices correspond
(3_ = : : to inputs. The i, jth element
X 97N 97N of the Jacobian is the partial
NXM \ = 7 derivative of the ith output
Jacobian “9x(D 0x (M) w.r.t. jth input
X - g‘ﬁf(x)\E A
IXM  j, de 52\/ de 1XN
ox 0z Ox 0z
1XN

1XM  1XN NXM



Simple case: Elementwise operation




Simple case: Elementwise operation (ReLU layer)

0z RIASD
7D 3 (M)\ What does the
0z | 9% . Jacobian for an
0x 3,0 3,0 elementwise
MXxM \ function look like?
Jacobian “dx(D) d0x M)

1XM68_06 E)Z\ / de 1xM

ox 0z Ox 0z
1XM 1XM MxM 1XM




Simple case: Elementwise operation (ReLU layer)

0z 1)

O 0 \ What does the
oz _ ax; : Jacobian for an
0x | 3, (M) elementwise
MXxM \ 0 function look like?

Jacobian dx M)

1XMae_ae az\ / de 1xM

ox 0z Ox 0z
1XM 1XM MxM 1xXM




Simple case: Elementwise operation (ReLU layer)

0z Ix™® >0] .. 0
ox = 5 s
MxM 0 v I[x™ > 0]
Jacobian

o WF mm4 -z
1XM(7€ ~ Oe (’)Z\ / de 1xM

ox 0z Ox Py
1XM 1XM MxM 1xM
de de . | N |
Ix® 970 [|x® > 0| Whathappens if some x( is always negative?
de Oe This is known as the “dead ReLU” problem

Ox 97 @H[X > O]



Matrix-vector multiplication (linear layer)

de B de 0z
ow 9z oW 3
MXN 1XN NX(MXN) —
W ow

MxNk\\\\\\\\\\\\\ NX(MXN)

YA
e 1XN
0z
1xXN

de de 0z
IxM Ox 0z Ox
IXM 1XN NXM



Matrix-vector multiplication (linear layer)

w (A1)
O . M) =GO x<M>)( :
w (M1)
Want de del| 0z
ant. — —
0x 0z|0x
1XxM  1xN NxM
0zU)
I
%=WT

W am M
D ) Z<j>:2x<i>w<ij>
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jth row, ith column
of Jacobian



Matrix-vector multiplication (linear layer)

wan oy an M
GO )= GO . x<M>>( o ) 20 =Y xOW
wwmy oy (MN) —
Want de del| 0z
ant, — —
0x 0z|0x
IXxM  1xXN NxM
()
0z _ = w@) jth row, ith column
0x M) of Jacobian
0z
—=WwT
0x
de dedz Oe

o =t EwT
dx O0zdx 0z




Matrix-vector multiplication (linear layer)

w (A1)
O . zZM)=((@® x(M>)( :
w (M1)
Want de de | 0z
ant. — =
ow 0z |OW

MXN IXN NX(MXN)

0z K)
oW (i)

w (AN)

|

M
L) = 2 MOWO)
=1

z(®) depends only
on kth column of W



Matrix-vector multiplication (linear layer)

wan oy am M
GO )= GO xcMn( o ) 20 =Y xOW
w™MD - MN) =
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ant. — —
ow 0z |[OW
MXN IXN NX(MXN)
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Matrix-vector multiplication (linear layer)
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Matrix-vector multiplication (linear layer)

(z(V

Want:

w (A1)
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w (M1)
de| de 0z
ow| 9z ow
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w (AN)

|

de
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M
L) = 2 MOWO)
=1



Matrix-vector multiplication (linear layer)

 Summary of backward pass:

e 1XN
0z




General tips

* Derive error signal (upstream gradient) directly, avoid explicit
computation of huge local derivatives

« Write out expression for a single element of the Jacobian,
then deduce the overall formula

« Keep consistent indexing conventions, order of operations
* Use dimension analysis

* For further reading:

« Lecture 4 of Stanford 231n and associated links in the syllabus
* Yes you should understand backprop by Andrej Karpathy



http://cs231n.stanford.edu/syllabus.html
https://medium.com/@karpathy/yes-you-should-understand-backprop-e2f06eab496b

